We propose a unified approach to prove general formulas for the joint distribution of an Eulerian and a Mahonian statistic over a set of colored permutations by specializing Poirier's colored quasisymmetric functions. We apply this method to derive formulas for Euler-Mahonian distributions on colored permutations, derangements and involutions. A number of known formulas are recovered as special cases of our results, including formulas of Biagioli-Zeng, Assaf, Haglund-Loehr-Remmel, Chow-Mansour, Biagioli-Caselli, Bagno-Biagioli, Faliharimalala-Zeng. Several new results are also obtained. For instance, a two-parameter flag major index on signed permutations is introduced and formulas for its distribution and its joint distribution with some Eulerian partners are proven.
Introduction
For a positive integer n, we denote by S n the set of permutations of [n] := {1, 2, . . . , n}. For w ∈ S n , an index i ∈ [n − 1] is called a descent of w, if w(i) > w(i + 1). The set of all descents of w, written Des(w), is called the descent set of w. The cardinality and the sum of all elements of Des(w) are written as des(w) and maj(w), respectively, and called the descent number and major index of w. A statistic on S n which is equidistributed with des (resp. maj) is called Eulerian (resp. Mahonian). Let be the generating polynomial for the joint distribution (des, maj) on S n , sometimes called the n-th q-Eulerian polynomial. The polynomial A n (x) := A n (x, 1) is called the n-th Eulerian polynomial and constitutes one of the most important polynomials in combinatorics. The interested reader is referred to the wonderful book exposition of Petersen [44] , and references therein, for many properties of Eulerian distributions and connections with algebra and geometry.
The distribution of a pair (eul, mah) of permutation statistics on S n , which satisfies w∈Sn x eul(w) q mah(w) = A n (x, q)
is called Euler-Mahonian. MacMahon [41, Vol.2, Section IX] proved a formula which specializes to
where A 0 (x, q) := 1 and [n] q := 1 + q + · · · + q n−1 is the q-analogue of n. This formula, usually attributed to Carlitz [19] (and hence called the Carlitz identity), serves as the basis for many generalizations on Coxeter groups and r-colored permutation groups, that is wreath products Z r ≀ S n . Identities such as (1.1), involving Euler-Mahonian distributions will be called Euler-Mahonian identities. Equation (1.1), for q = 1, reduces to the following identity [ (m + 1) n x m = A n (x) (1 − x) n+1 .
(1.2)
As mentioned in [12, Section 1], a general approach to prove Euler-Mahonian identities, among others, is via the theory of symmetric/quasisymmetric functions. Quasisymmetric functions are certain power series in infinitely many variables that generalize the notion of symmetric functions. They first appeared, not with this name yet, in Stanley's thesis [50] (for a detailed description of Stanley's contribution to symmetric/quasisymmetric functions see [17] ) and were later defined and studied systematically by Gessel [33] (see also [52, Section 7.19] and [34, Section 8.5] ). In this paper, we aim to provide a unified approach to prove Euler-Mahonian identities on r-colored permutation groups by specializing Poirier's colored analogue of quasisymmetric functions [46] .
Specializations of symmetric functions date back to Stanley's work on the enumeration of plane partitions [49] . Gessel and Reutenauer, in their seminal paper [35] , used the stable principal specialization and the principal specialization of order m of fundamental quasisymmetric functions, together with the fact that the quasisymmetric generating function of the set of permutations of fixed cycle type is symmetric, to derive formulas for the joint distribution of the descent statistic and major index on cycles, involutions and derangements. Let us now illustrate how one can specialize fundamental quasisymmetric functions in order to prove Equation (1.1) . This proof will serve as a prototype for all proofs of our applications in Section 4. For a similar approach, see the recent paper of Gessel and Zhuang [36] .
For a sequence x = (x 1 , x 2 , . . . ) of commuting indeterminates, the fundamental quasisymmetric function associated to S ⊆ [n − 1] is defined by F n,S (x) := i 1 ≥i 2 ≥···≥in≥1 j∈S ⇒ i j <i j+1
and F 0,∅ (x) := 1. The original definition [52, Equation (7. 89)] actually defines F n,S as in (1.3) with 1 ≤ i 1 ≤ i 2 ≤ · · · ≤ i n instead. Our choice of definition will become clear later in the paper (see also [7, Section 4.3] ). The standard way to connect quasisymmetric functions with permutation statistics is by associating the fundamental quasisymmetric function F n,Des(w) with w ∈ S n as done in [35, Section 5 ]. Let C[q] (resp. C[[q]]) denote the ring of polynomials (resp. formal power series) in variable q with complex coefficients. The stable principal specialization (resp. principal specialization of order m) is a ring homomorphism ps : QSym(x) → C[[q]] (resp. ps m : QSym(x) → C[q]) defined by the substitutions x 1 = 1, x 2 = q, x 3 = q 2 , . . . and
x 1 = 1, x 2 = q, . . . , x m = q m−1 , x m+1 = x m+2 = · · · = 0, respectively, for a positive integer m, where QSym(x) stands for the C-algebra of quasisymmetric functions of bounded degree with complex coefficients in x.
The principal specialization of order m and stable principal specialization of F n,S are given by the following formulas [35, Lemma 5.2] (see also the first half of [33, Section 4] ) m≥1 ps m (F n,S ) x m−1 =
x |S| q sum(S) (1 − x)(1 − xq) · · · (1 − xq n ) (1.4) ps(F n,S ) = q sum(S) (1 − q)(1 − q 2 ) · · · (1 − q n )
. (1.5) where sum(S) stands for the sum of all elements of S. These formulas allow us to study the Euler-Mahonian distribution on S n by specializing the quasisymmetric generating function F (A; x) := w∈A F n,Des(w) (x) associated to a subset A ⊆ S n . In particular, one has [35, Theorem 5.3] m≥1 ps m (F (A; x)) x m−1 = w∈A x des(w) q maj(w) (1 − x)(1 − xq) · · · (1 − xq n ) (1.6) ps(F (A; x)) = w∈A q maj(w)
7)
A celebrated result, due to MacMahon (see, for example, [53, Chapter 1, Notes]), is the formula A n (1, q) = [1] q [2] q · · · [n] q (1.8) for the distribution of the major index on S n . Although the relation between Equations (1.1) and (1.8) is not obvious, the above mentioned machinery allows us to easily prove both these equations in a uniform way. The quasisymmetric generating function F (S n ; x) is known to have [52, Corollary 7.12.5 ] the following nice form F (S n ; x) = (x 1 + x 2 + · · · ) n .
(1.9)
Taking the principal specialization of order m and the stable principal specialization of Equation (1.9) yields ps m (F (S n ; x)) = [m] n q ps(F (A; x)) = 1 (1 − q) n , respectively. Then, Equations (1.1) and (1.8) follow by substituting these computations in Equations (1.6) and (1.7), for A = S n , respectively. This proof suggests that whenever F (A; x) has a nice form, then we can use Formulas (1.6) and (1.7) to compute Euler-Mahonian identities on A. In particular, for A = D n , the set of derangements of S n , Gessel and Reutenauer [35, Theorem 8.1] computed F (D n ; x) in terms of elementary and complete homogeneous symmetric functions. In Section 4.2 we specialize their formula to prove an Euler-Mahonian identity on D n , which refines Wachs' celebrated formula [56, Theorem 4] 
(1.10)
The goal of this paper is to extend this symmetric/quasisymmetric function approach by specializing colored quasisymmetric functions, introduced by Poirier [46] , in order to prove Euler-Mahonian identities for the colored permutation groups. In other words, we provide a colored analogue of the method demonstrated above (pioneered by Gessel and Reutenauer in [35] ), by replacing Gessel's fundamental quasisymmetric functions with Poirier's colored quasisymmetric functions and using variations of the stable principal specialization and principal specialization of order m. A first instance of this technique appears in the work of Athanasiadis [7, Equation (45) ], where he proves [7, Proposition 2.22] an expansion of the generating polynomial of the Eulerian distribution on signed involutions in terms of Eulerian polynomials of type B. We provide a colored generalization of this formula (see Corollary 4.11) for absolute involutions, a class of r-colored permutations which coincides with involutions and signed involutions for r = 1 and r = 2, respectively.
A second instance appears in [42, Lemma 3.1] .
Different type B analogues of quasisymmetric functions have been suggested (for a comparison between Chow's type B quasisymmetric functions and Poirier's, see [43] ). Our choice of colored quasisymmetric functions, and much of the motivation behind this paper comes from the fact that Poirier's signed analogue of the fundamental quasisymmetric functions [46] were recently employed by Adin et al. [1] in order to define and study a signed analogue of the concept of fine sets and fine characters of Adin and Roichman [5] . All classes of permutations considered in the applications are fine sets in the sense of [1] .
The paper is organized as follows. Section 2 surveys colored permuation statistics and Euler-Mahonian identities known in the literature and discusses colored quasisymmetric functions. Section 3 presents the main results of this paper on specializations of colored quasisymmetric functions (see Theorems 3.1, 3.3 and 3.5). In this section we also introduce a two-parameter flag major index on signed permutations and provide formulas for its joint distribution with some Eulerian partner (Theorem 3.6). Section 4 presents applications of our main results. In particular, Section 4.1 concerns Euler-Mahonian identities on permutations, Sections 4.2 and 4.3 concern Euler-Mahonian identities on derangements and involutions, respectively (in the case of involutions, we also discuss some enumerative aspects). Section 4.4 concerns bimahonian and multivariate distributions involving Eulerian and Mahonian statistics on colored permutations. We recover, as special cases of our results, various formulas of Biagioli-Zeng (Equation (4.2)), Assaf (Equations (4.1) and (4.23)), Haglund-Loehr-Remmel (Equation (4.4)), Biagioli-Caselli, Chow-Mansour and Biagioli-Zeng (Equation (4.5)), Bagno-Biagioli (Equation (4.7)) and Faliharimalala-Zeng (Equation (4.19)). We refine and generalize formulas of Chow-Gessel (Equation (4.9)), Adin 
Preliminaries
This section provides key definitions, discusses colored permutation statistics and surveys several known Euler-Mahonian identities for the colored permutation groups. It also recalls the definition and basic facts about Poirier's quasisymmetric functions and reviews some tools from the representation theory of colored permutation groups, which will be used in the sequel.
Throughout the paper we assume familiarity with basic concepts in the theory of symmetric functions as presented in [52, Section 7] . We denote by |S| the cardinality of a finite set S, by Z (resp. N) the set of integers (resp. nonnegative integers). For integers a ≤ b we set [a, b] := {a, a + 1, . . . , b}. In particular, we set [n] := [1, n] . For a nonnegative integer n, define
and set (q) n := (q, q) n . Also, for a statement P , let χ(P ) = 1, if P is true and χ(P ) = 0, otherwise. We shall use boldface to denote vectors and r-partite concepts.
2.1. Colored permutation statistics. Fix a positive integer r and let Z r be the cyclic group of order r. The elements of Z r , will be represented by those of [0, r − 1] and will be thought of as colors. Let Ω n,r := {1 0 , 2 0 , . . . , n 0 , 1 1 , 2 1 , . . . , n 1 , . . . , 1 r−1 , 2 r−1 , . . . , n r−1 } be the set of r-colored integers. We will often identify colored integers i 0 with i.
The r-colored permutation group, denoted by S n,r , consists of all permutations w of Ω n,r such that w(a 0 ) = b j ⇒ w(a i ) = b i+j , where i + j is computed modulo r and the product of S n,r is composition of permutations. The r-colored permutation group can be realized as the wreath product group Z r ≀ S n (see, for example, [55, Section 2] ). The elements of S n,r are represented in window notation as w = w(1) c 1 w(2) c 2 · · · w(n) cn , where w(1)w(2) · · · w(n) ∈ S n is the underlying permutation and (c 1 , c 2 , . . . , c n ) is the color vector of w. We will represent both the colored permutation and the underlying permutation by the same letter.
The case r = 2 is of particular interest. S n,2 is the hyperoctahedral group, written B n , the group of signed permutations of length n. Signed permutations, or 2-colored permutations, are bijective maps w : Ω n,2 → Ω n,2 such that w(i) = w(i), for every i ∈ Ω n,2 , where in this case the set of 2-colored integers Ω n,2 is identified as the set {1, 2, . . . , n}∪{1, 2, . . . , n} (see, for example, [1] ). The hyperoctahedral group is a Coxeter group of type B n (see, for example, [44, Part III]). It is often required to treat this case separately.
Steingrímsson [55] studied combinatorial aspects of r-colored permutations by introducing a notion of descent and excedance for r-colored permutations and Eulerian polynomials for S n,r . Let < St be the following total order on Ω n,r
For w = w(1) c 1 w(2) c 2 · · · w(n) cn ∈ S n,r , an index i ∈ [n] is called a descent of w, if 1 ≤ i ≤ n − 1 and w(i) > St w(i + 1) or if i = n and c n = 0. Let Des < St (w) be the set of all descents of w and des < St (w) its cardinality. Steingrímsson proved [55, Theorem 17] the following formula for the generating polynomial of the des < St -distribution [14] studied a notion of descent set by considering the color order on Ω n,r , defined as
For w ∈ S n,r , we define Des <c (w) to be the set of all indices i ∈ [n − 1] such that w(i) > c w(i + 1) together with 0, whenever c 1 = 0 and write des <c (w) for its cardinality. It follows from their work [14, Corollary 5.3 for p = s = q = 1] that Equation (2.1) holds if we replace < St with < c .
Another notion of descent set was studied by Biagioli and Zeng [16] . In particular, let < ℓ be the following total order on Ω n,r
called the length order. For w ∈ S n,r , we define Des < ℓ (w) to be the set of all indices 1 ≤ i ≤ n − 1 such that w(i) > ℓ w(i + 1) together with 0, whenever c 1 = 0 and write des < ℓ (w) for its cardinality. They proved [16, Proposition 8.1 for q = 1] that Equation (2.1) still holds if we replace < St with < ℓ . It also follows from [14, Proposition 7.1]. So, the above three mentioned distributions are all equidistributed on S n,r and hence can be called Eulerian statistics on r-colored permutations. In the applications we will use the color order.
As a group, S n,r is generated by the set S := {s 0 , s 1 , . . . , s n−1 }, where s 0 := (1 0 1 1 ) and s i := (i 0 i + 1 0 ), for all 1 ≤ i ≤ n − 1 (see, for example, [4, Section 2] and [8, Section 2.2]). The length function, written ℓ S , with respect to S satisfies [8, Theorem 4.4] w∈Sn,r
From this point of view, a Mahonian statistic on S n,r , is expected to be equidistributed with the length function. Bagno [8, Theorem 5.2] introduced such a statistic by using the length order. It is defined as follows. For w = w(1) c 1 w(2) c 2 · · · w(n) cn ∈ S n,r , let
where maj < ℓ (w) is the sum of all elements of Des < ℓ (w) and csum(w) = n i=1 c i is the sum of the colors of all entries of w. It is worth noticing, as the authors in [14, Section 7] point out, that the length order seems to be the suitable order for proving a combinatorial interpretation of the length function of S n,r , whereas the color order is often used in the study of some algebraic aspects such as the invariant theory of S n,r .
Another Mahonian candidate, the flag major index, was introduced by Adin and Roichman [4] . We use the following combinatorial interpretation [4, Theorem 3.1] as our definition. For w ∈ S n,r , the flag major index of w is defined by
where maj <c (w) is the sum of all elements of Des <c (w). The authors remark, after the proof of [4, Theorem 2.2], that the flag major index is not equidistributed with the length function on S n,r for r ≥ 3. Haglund et. al were the first to explicitly compute [38, Theorem 4 .5] a formula for the fmaj-distribution 
which reduces to Equations (1.1) and (2.1) for r = 1 and q = 1, respectively and generalizes a formula of Chow and Gessel [21, Equation (26)] for r = 2. For a colored permutation w and a total order on Ω n,r , let Des * < (w) := {i ∈ [n − 1] : w(i) > w(i+1)} and write des * < (w) for its cardinality. The * -descent set is often called type A descent set because it does not take into account the descents in positions 0 or n (see, for example, [12, Definition 5.4 ]. Bagno and Biagioli [9] defined the flag descent number For the sake of completeness, we remark that Bagno [8] introduced an Eulerian partner to his lmaj statistic, defined by ldes(w) := des * < ℓ (w) + csum(w), for every w ∈ S n,r and proved the following Euler-Mahonian identity [1] in order to provide a signed analogue of the concept of fine characters and fine sets of Adin and Roichman [5] to the hyperoctahedral group B n . This fact provided much of the motivation behind this paper in choosing Porier's fundamental colored quasisymmetric function to specialize.
, for every 0 ≤ j ≤ r − 1, be sequences of commuting indeterminates. We consider formal power series in
for any total order < on Ω n,r . This definition is slightly different, but equivalent to, the one given in [39, Section 3.2] with the inequalities being reversed for <=< c , the color order (see also [1, Equation (2.9)] for the case r = 2). We extend this definition to standard Young r-partite tableaux, for which we mostly follow the exposition of [9] . An r-partite partition of a nonnegative integer n is any rtuple λ λ λ = (λ (0) , . . . , λ (r−1) ) of (possibly empty) integer partitions of total sum n. We write λ λ λ ⊢ n for r-partite partitions. A standard Young r-partite tableau of shape λ λ λ = (λ (0) , . . . , λ (r−1) ) ⊢ n is an r-tuple Q Q Q = (Q (0) , . . . , Q (r−1) ) of tableaux which are strictly increasing along rows and columns such that Q (i) has shape λ (i) , for all 0 ≤ i ≤ r − 1 and every element of [n] appears exactly once as an entry of Q (i) for some 0 ≤ i ≤ r − 1. These tableaux are called parts of Q Q Q. Let SYT(λ λ λ) (resp. SYT n,r ) be the set of all standard Young r-partite tableaux of shape λ λ λ ⊢ n (resp. of any shape and size n).
For Q Q Q = (Q (0) , . . . , Q (r−1) ) ∈ SYT n,r , an integer i ∈ [0, n − 1] is called a descent of Q Q Q, if
• i and i + 1 belong in the same part of Q Q Q and i + 1 appears in a lower row than i does, or • i ∈ Q (j) and i + 1 ∈ Q (k) , for some 0 ≤ j < k ≤ r − 1, or • i = 0 and 1 appears in Q (j) for some j = 0.
The set of all descents of Q Q Q, written Des(Q Q Q), is called the descent set of Q Q Q. The cardinality and the sum of all elements of Des(Q Q Q) are written des(Q Q Q) and maj(Q Q Q), respectively and called the descent number and major index of Q Q Q. Also, let Des * (Q Q Q) be the set obtained from Des(Q Q Q) by removing the zero, if present.
We recall that the Robinson-Schensted correspndence is a bijection from the symmetric group S n to the set of pairs (P, Q) of standard Young tableaux of the same shape and size n. It has the property [52, Lemma 7.23.1] that Des(w) = Des(Q) and Des(w −1 ) = Des(P ), where (P, Q) is the pair of tableaux associated to w ∈ S n . The Robinson-Schensted correspondence has a natural colored analogue, first considered by White [57, Corollary 9 and Remark 11] and further studied by Stanton and White [54] . It is a bijection from the r-colored permutation group S n,r to the set of pairs (P P P , Q Q Q) of standard Young r-partite tableaux of the same shape and size n. It has the property [10, Proposition 6.2], [3, Lemma 5.2] that Des <c (w) = Des(Q Q Q) and Des <c (w −1 ) = Des(P P P ), where (P P P , Q Q Q) is the pair of r-partite tableaux associated to w ∈ S n,r and w is the colored permutation with underlying permutation w and color vector (−c 1 , −c 2 , . . . , −c n ), where the entries are computed modulo r. For the case r = 2, we refer the reader to [1, Section 5] and references therein.
The fundamental colored quasisymmetric function associated to a tableau Q Q Q is then defined by the right-hand side of Equation (2.8), with w replaced by Q Q Q and Des * < (w) replaced by Des * (Q Q Q). A signed analogue of the following well known expansion [52, Theorem 7.19.7] 
was recently proved by Adin et al. [1, Proposition 4.2] . The following colored analogue
for every r-partite partition λ λ λ = (λ (0) , λ (1) , . . . , λ (r−1) ) follows from a trivial generalization of the proof of [1, Proposition 4.2] and will be used in the sequel.
2.3. Representation theory; the characteristic map. We denote by Λ(x) the Calgebra of symmetric functions in x. For the representation theory of the symmetric group and its connection to symmetric functions, we refer to [52, Section 7.18] and only recall that the Frobenius characteristic map, written ch, is a C-linear isomorphism from the space of virtual S n -representations to that of homogeneous symmetric functions of degree n, with the property that ch(χ λ )(x) = s λ (x), where χ λ is the irreducible S n -character corresponding to λ ⊢ n. The map ch has a natural colored analogue [40, Appendix B], which we now describe. We mostly follow the exposition of [9, Sections 5 and 6] and [46, Section 2] . Conjugacy class in S n,r , and therefore irreducible S n,r -characters, are in one-to-one correspondence with r-partite partitions of n. We describe the cycle type of a colored permutation. Starting with a colored permutation, we first form the cycle decomposition of the underlying permutation and then provide the entries with their original color, forming colored cycles. Then, define the color of a colored cycle to be the sum of colors of all its entries computed modulo r. Now, the cycle type of w ∈ S n,r , written ct(w), is the r-partite partition of n, whose j-th part is the integer partition formed by the lengths of the colored cycles of w having color j, for every 0 ≤ j ≤ r − 1. Two colored permutations are conjugate [46, Proposition 1] if and only if they have the same cycle type.
Fix ζ a primitive r-th root of unity. For a nonnegative integer k and any 0 ≤ j ≤ r − 1, let p
). Also, for an integer partition λ = (λ 1 , λ 2 , . . . ) ⊢ n and any 0 ≤ j ≤ r − 1, define the homogeneous element
of degree n of Λ(x (0) )⊗Λ(x (1) )⊗· · ·⊗Λ(x (r−1) ). The colored power sum symmetric function associated to a r-partite partition λ λ λ = (λ (0) , . . . , λ (r−1) ) ⊢ n, is defined by
The Frobenius characteristic map of a complex, finite-dimensional S n,r -character χ is defined by
The map ch r is a C-linear isomorphism from the space of virtual S n,r -characters to the degree n homogeneous part of Λ(
). It has the property that ch r (χ λ λ λ )(X (r) ) = s λ λ λ (X (r) ), where χ λ λ λ is the irreducible S n,r -character associated to λ λ λ ⊢ n.
For a subset C ⊆ S n,r and a total order < on Ω n,r , let
be the colored quasisymmetric generating function associated to C. The following observation, which appears in [45, Proposition 1.13] in a more general setting, is a generalization of Equation (1.9) and will be used in Section 4. It is the key that allows us to pass from general formulas to Euler-Mahonian identities by appropriately specializing it. We record it here with a proof.
Lemma 2.1. For a nonnegative integer n, we have
Proof. Recall from [9, Theorem 6.1], the Frobenius formula
for S n,r , where χ λ λ λ (µ µ µ) is the irreducible S n,r -character associated to λ λ λ computed in the conjugacy class which corresponds to µ µ µ ⊢ n. Notice that the conjugacy class of the identity element in S n,r corresponds to the r-partite partition of n, whose part of color 0 is (1 n ) and all the other parts are the empty partitions, written (1 n , ∅ r−1 ), and so the left-hand side of Equation (2.13) is equal to
, which is known to equal the number of r-partite standard Young tableaux of shape λ λ λ. Therefore, Equation (2.13) for µ µ µ = (1 n , ∅ r−1 ) becomes
using the expansion (2.10). This in turn is exactly the left-hand side of Equation (2.12) by the colored Robinson-Schensted correspondence and its properties. The proof follows by combining the two calculations.
Specializations of colored quasisymmetric functions
This section derives general formulas for Mahonian and Euler-Mahonian distributions on colored permutation groups by specializing colored quasisymmetric functions. Let C[[X (r) ]] be the ring of formal power series in X (r) . Formally, a specialization is a ring
In this paper, we consider specializations that arise from substituting powers of q for the variables x
Fix a total order < on Ω n,r and define the descent set of a colored permutation w = w(1) c 1 w(2) c 2 · · · w(n) cn ∈ S n,r , written Des < (w), to be the set of all indices i ∈ [n−1], such that w(i) > w(i + 1), together with 0, whenever c 1 = 0, and des < (w) its cardinality. Let Des * < (w) be the set obtained from Des < (w) by removing zero, if present, and let des * < (w) be its cardinality. Also, define the major index of w, written maj < (w), to be the sum of all elements of Des < (w) and the flag major index of w as fmaj < (w) := r maj < (w) + csum(w). The results of this section are valid for every total order on Ω n,r and therefore we omit the total order subscript in colored statistics and colored quasisymmetric functions.
We begin with two specializations and a variation which reduce to the stable specialization and the principal specialization of order m for r = 1. Let ps (r) be the specialization defined by the substitutions x 
Proof. We prove Equations (3.1) and (3.2) in parallel. Equation (3.3) follows in a similar way. For a colored permutation w with color vector (c 1 , c 2 , . . . , c n ), we have
5)
Under the specialization ps
m , . . . , x (r−1) m occur only if c 1 = 0, which in turn is exactly when 0 is considered a descent of w, explaining the first inequality under the sum on the right-hand side of Equation (3.5). Define Des(w) ), for every 0 ≤ j ≤ n − 1. Then, Equations (3.4) and (3.5) become
a n = i ′ n − 1, for every 1 ≤ j ≤ n − 1. On the one hand, Equation (3.6) becomes ps (r) = a 1 ,a 2 ,...,an∈N
On the other hand, Equation (3.7) becomes
where the sum runs through all N-solutions of a 0 + a 1 + · · · + a n = m − des(w) − 1. This is exactly the coefficient of x m−1 in the expansion of the right-hand side of Equation 
Although these formulas do not provide much useful information by themselves, in Section 4 we apply Corollary 3.2 (and corollaries that follow) for various C, whose quasisymmetric generating function F (C; X (r) ) has a nice form to prove Euler-Mahonian identities on C. Thus, whenever one proves a formula for the quasisymmetric generating function of a collection C of colored permutations (for example, in the case where F (C; X (r) ) is symmetric and Schur-positive in Λ(x (0) ) ⊗ Λ(x (1) ) ⊗ · · · ⊗ Λ(x (r−1) )), which can be specialized in a nice way, then an Euler-Mahonian (resp. Mahonian) identity is automatically obtained from Equation (3.9) (resp. Equation (3.8) ).
Next, we consider another two specializations and a variation which can be viewed as colored-shifted versions of the stable principal specialization and the principal specialization of order m for r = 1. Let ψ (r) be the specialization defined by the substitutions x (j) i = q r(i−1)+j , for every 0 ≤ j ≤ r − 1 and i ≥ 1. Also, define the specialization ψ 
The proof of Theorem 3.3 is a slight variation of the proof of Theorem 3.1 and is therefore omitted. The following formulas are immediate consequences of Theorem 3.3. Corollary 3.4. For a positive integer n and every C ⊆ S n,r , we have
The description of the next specialization is slightly more complicated than the previous ones and for this reason we consider the case r = 2 first. In this case, we write x and y instead of x (0) and x (1) . Let φ m be the specialization defined by the substitutions x i = q i−1 , for every odd integer 1 ≤ i ≤ m and y i = q i , for every odd integer 1 ≤ i ≤ m − 1 and x i = y i = 0, elsewhere. In particular,
and 
Now, in the general case define the specialization φ
In particular, we see that if m ≡ 1 (mod r), then the last nonzero term is x 
.
(3.17)
Furthermore, for every C ⊆ S n,r we have
Proof. For w ∈ S n,r with color vector (c 1 , c 2 , . . . , c n ), specialization φ (r) m , when applied to the fundamental colored quasisymmetric function, becomes
because as in Equation (3.5), x
m , x
m , . . . , x (r−1) m occur only if c 1 = 0, which means that 0 is a descent of w. Define
where χ j := χ(j ∈ Des(w)), for every 1 ≤ j ≤ n − 1. Then, Equation (3.19) becomes 
where the sum runs through all N-solutions of a 0 + a 1 + a 2 + · · · + a n = m − fdes(w) − 1 with the requirement that a 1 , a 2 , . . . , a n ≡ 0 (mod r) , as the difference of two positive integers congruent to 1 (mod r). The right-hand side of Equation (3.21) is precisely the coefficient of x m−1 in the expansion of Equation (3.17) and the proof follows.
Lastly, we introduce a two parameter flag major index for signed permutations. Recall from Section 2.1 that in the case r = 2, we identify 1 (0) , 2 (0) , . . . , n (0) and 1 (1) , 2 (1) , . . . , n (1) , with 1, 2, . . . , n and 1, 2, . . . , n, respectively. For w ∈ B n , we write neg(w) instead of csum(w) to denote the number of indices i ∈ [n] such that w(i) is barred. As in the case of general r, we fix a total order < on Ω n,2 and define Des < (w) to be the set of all indices i ∈ [n − 1], such that w(i) > w(i + 1), together with 0 whenever w(1) is barred. The cardinality and the sum of all elements of Des < (w) are written as des < (w) and maj < (w), respectively. Let Des * < (w) be the set obtained from Des < (w) by removing zero, if present, and let des * < (w) be its cardinality. Also, define the flag major index of w to be fmaj < (w) := 2 maj < (w) + neg(w). Again, the results that follow are valid for every total order on Ω n,2 and therefore we omit the total order subscript.
Let k and ℓ be a positive, and nonnegative respectively, integer. For w ∈ B n , define Let θ be the specialization defined by substitutions x i = q k(i−1) and y i = q k(i−1)+ℓ , for every i ≥ 1. Also, define the specialization θ m by the substitutions x i = q k(i−1) , for every 1 ≤ i ≤ m and y i = q k(i−1)+ℓ , for every 1 ≤ i ≤ m − 1. For (k, ℓ) = (1, 0) and (k, ℓ) = (2, 1), these specializations coincide with ps (2) , ps (2) m and ψ (2) , ψ (2) m , respectively. Furthermore, let θ m be the specialization defined as θ m , but including the substitution y m = q k(m−1)+ℓ . Theorem 3.6. For a positive integer n and every w ∈ B n , we have
The proof of Theorem 3.6 is a (k, ℓ)-variation of the proof of Theorem 3.1 and is therefore omitted. The following formulas are immediate consequences of Theorem 3.6. 3)] (see also [36, Section 5] ) and a formula of Athanasiadis [7, Equation (40) ]. Lastly, Section 4.4 studies bimahonian and multivariate distributions, involving Eulerian and Mahonian statistics, on colored permutations. In what follows, we use the color order for colored permutation statistics and therefore omit the total order subscript in statistics and quasisymmetric functions. 
. and be the n-th (x, q)-derangement polynomial and d n (q) := D n (1, q) the q-derangement numbers. The q-derangement numbers satisfy (recall Formula (1.10) from Section 1). 
The idea of the proof is to take the principal specialization of order m of F (D n ; x) and apply Formula (1.6) for A = D n . Before the proof of Theorem 4.5, we need to recall a few facts. Gessel and Reutenauer [35, Theorem 8.1] computed F (D n ; x), as follows
where e k (resp. h k ) is the k-th elementary (resp. complete homogeneous) symmetric function on x. The principal specializations of order m of these symmetric functions are given by [52, Proposition 7.8.3] 
We are now ready to give the proof of Theorem 4.5.
Proof of Theorem 4.5. Setting A = D n , Formula (1.6) becomes
Taking the principal specialization of order m of Formula (4.13) and compute, using Equations (4.14) and (4.15), yields
The proof follows by substituting Equation (4.17) in (4.16).
Another proof of Equation (4.11) can be obtained by considering the stable principal specialization of Formula (4.13) instead and following the steps of the previous proof, as done by Gessel and Reutenauer [35, Theorem 8.4 ]. Next we consider a colored analogue of Theorem 4.5 on colored permutation groups, which appears to be new even in the case r = 2, of the hyperoctahedral group B n .
An element of S n,r without fixed points of zero color is called a colored derangement. Let D r n be the set of all colored derangements in S n,r . Faliharimalala 
Proof. Specializing Equation (4.21) as in Theorem 3.1 yields
The proof follows by substituting in Equation (3.8) for C = D r n . The following Euler-Mahonian identity on signed derangements for the pair (des, fmaj k,ℓ ) can be obtained by taking the θ specialization on Equation 
where I 0 (x, p, q) := 1.
One can prove Equation (4.26) by taking the principal specialization of order m of the quasisymmetric generating function for involutions according to fixed points [35, Equation (7.1)] n≥0 w∈In
This is essentially the approach of Gessel and Reutenauer in the proof of [ 
where the sum runs through all partitions λ, c(λ) is the number of columns of λ of odd length and |λ| is the sum of all parts of λ and therefore Equation (4.27) follows from Equation (4.28), together with Equation (2.9) and the fact that the Robinson-Schensted correspondence restricts to a des-preserving bijection between the set of involutions of S n and the set of all standard Young tableaux of size n. An Euler-Mahonian identity on involutions involving the "hook-content formula" for Schur functions can be derived in the following way. Recall from [40, Example 1 of Section 3] the following notation
slightly altered to match our notation, where for a cell u ∈ λ, c(u) and h (u) is the content and the hook length of u, respectively. We refer to [52, Section 7.21] for more details on these concepts. Then 
We discuss colored analogues of Equations (4.26) and (4.27) and (4.30) . We deal with two types of involutions in colored permutation groups, the colored involutions and the absolute involutions. A colored (resp. absolute) involution is an element w ∈ S n,r , such that w −1 = w (resp. w −1 = w). Let I r n (resp. I abs n ) be the set of all colored (resp. absolute) involutions in S n,r . Absolute involutions do not coincide with colored involutions for r ≥ 3. For example, the colored permutation 3 1 2 0 1 3 4 2 6 3 5 1 ∈ S 6,4 is an involution, but not an absolute involution and on the other hand the colored permutation 3 1 2 0 1 1 4 2 6 3 5 3 ∈ S 6,4 is an absolute involution, but not an involution.
Chow and Mansour [22, Section 4 ] studied colored involutions. In a similar fashion, if w is an absolute involution with color vector (c 1 , c 2 , . . . , c n ), then we see that
• w ∈ I n and • if w(i) = j, then c w(i) = c j computed modulo r, for some i, j ∈ [n]. Modifying the arguments of Chow and Mansour [22, Proposition 7] yields the following formulas
where |I abs 0 | := 1 and the following recurrence formula for the number of absolute involutions in S n,r , |I abs n+1 | = r(|I abs n | + n|I abs n−1 |), for every positive integer n ≥ 1, with initial condition |I abs 1 | = r. A polynomial f (x) with real coefficients is called γ-positive if
for some n ∈ N and nonnegative reals γ 0 , γ 1 , . . . , γ ⌊n/2⌋ . Chow and Mansour implicitly proved [22, Proposition 8] that the generating polynomial of the exc-statistic on colored involutions is γ-positive for every even color r, where exc(w) is the number of excedances of w, that is indices i ∈ [n], such that w(i) > i, or w(i) = i and c i > 0 for any colored permutation w with color vector (c 1 , c 2 , . . . , c n ). Recall from [55, Theorem 15] that exc is Eulerian on colored permutations. Although it is not related to our study of Euler-Mahonian distributions, we record it here because of its own importance. For every even color r, [22, Proposition 8] states that
where γ n,i is the number of w ∈ I n having i number of two-cycles. Gamma-positivity is a property that implies symmetry and unimodality and appears often in combinatorics. For more information we refer the reader to Athanasiadis' comprehensive survey [7] .
In fact, one can further argue as in [22, Proposition 8] and prove the following
where γ n,i as in Equation (4.31). The above mentioned formulas coincide with the corresponding formulas of Chow and Mansour [22] for r ≤ 2. Absolute involutions appeared in Adin, Postnikov and Roichman's study [3] of Gelfand models for colored permutation groups S n,r . They are suitable for providing a colored analogue of Désarménien and Foata's Formula (4.26) . In particular, the colored Robinson-Schensted correspondence restricts to a des-preserving bijection between I abs n and SYT n,r , the set of all standard Young r-partite tableaux of size n. In addition, from its description (see, for example, [3, Section 5] ), the number of fixed points of color j of an absolute involution in S n,r is equal to the number of odd columns of the jth part of the Ptableau, which corresponds to w via the colored Robinson-Schensted correspondence. For a positive integer n, let
be the quasisymmetric generating function for absolute involutions according to fixed points of various colors, where fix j (w) is the number of fixed points of w ∈ S n,r of color j. Equation 
(4.32) In particular, for a positive integer n we have F (I abs n ; X (r) , p 0 , p 1 . . . , p r−1 ) = λ λ λ=(λ (0) ,...,λ (r−1) )⊢n
Proof. The discussion before the statement of the theorem implies that n≥0 F (I abs n ; X (r) , p 0 , p 1 . . . , p r−1 ) z n = n≥0 λ λ λ=(λ (0) ,...,λ (r−1) )⊢n Q Q Q∈SYT(λ λ λ)
Thus, applying the expansion (2.10) yields n≥0 F (I abs n ; X (r) , p 0 , p 1 . . . , p r−1 ) z n =
where the sum runs through all r-partite partitions λ λ λ = (λ (0) , . . . , λ (r−1) ) and |λ λ λ| := |λ (0) | + · · · + |λ (r−1) |. Now, Formula 
where I 0 (x, q, p 0 , . . . , p r−1 ) = I flag 0 (x, q, p 0 , . . . , p r−1 ) := 1. Proof. The proof follows by specializing Formula (4.32) as in Theorems 3.3 and 3.5 and taking the generating function on m, changing the order of summation on the left-hand side and using Equations (3.15) and (3.18) for C = I abs n , respectively.
In the case r = 2, Equation 
where the sums run through all r-partite partitions λ λ λ = (λ (0) , . . . , λ (r−1) ) of n and b (λ λ λ) := b (λ (0) + · · · + λ (r−1) ).
Proof. For Equation (4.38), specialize Equation (4.33) for p 0 = · · · = p r−1 = 1 as in Theorem 3.1 and apply Corollary 3.2 for C = I abs n and Equation (4.29) for very color. For Equation (4.37), we specialize as in Theorem 3.3 and apply Corollary 3.4 as before, but taking into account that s λ (j) (q j , q r+j , . . . , q r(m−2)+j , 0) = q j|λ (j) | s λ (j) (1, q r , . . . , q r(m−2) , 0), for every color 1 ≤ j ≤ r − 1, due to the homogeneousness of Schur functions.
We finish by providing a colored generalization of a formula due to Athanasiadis [7, Proposition 2.2.] (see also [36, Corollary 5.7 (b) ]), which expresses the generating polynomials of the des-distribution on I n and I 2 n in terms of Eulerian polynomials A n (x) and A n,2 (x), respectively. Let I abs n (x) := I abs n (x, 1). For w ∈ S n,r , let c j (w) be the number of colored cycles of w of color j, for every 0 ≤ j ≤ r − 1. The following corollary reduces to [7, Proposition 2.22] for r ≤ 2. 
where 1 m in the above notation means that x 
where the second sum runs through all r-partite partitions λ λ λ = (λ (0) , . . . , λ (r−1) ) of n.
From the properties of the characteristic map, we know that
and we can use Equation (2.11) to expand it in the colored power sum basis, as follows
where χ λ λ λ is the irreducible S n,r -character associated with the r-partite partition λ λ λ ⊢ n. But, (1 − zq i−1 p j−1 ). Equation (4.44) also holds for the bimahonian pair (maj, imaj). This appeared implicitly in Gordon's work [37] and later made explicit by Roselle [48] . Because of that, Equation (4.44) for the bimahonian pair (maj, imaj) is often called Roselle identity. Garsia and Gessel [31] studied bieulerian-bimahonian distributions, meaning the four-variate distribution (des, ides, maj, imaj) and proved the following generating function (1 − zx i y j ) −1 , (4.46) and using Formulas (1.7) and (1.6) for A = S n , respectively. This is essentially the approach of [52, Corollary 7.23.9] (see also [24] ). This section develops a colored analogue of this approach and provides colored analogues of Equations (4.44) and The proof follows by expanding the products s λ λ λ (X (r) ), s λ λ λ (X ′(r) ) in the left-hand side of Equation (4.48) using Equation (2.10) and then applying the colored Robinson-Schensted correspondence.
The following corollary computes generating functions for the bimahonian distribution (maj, imaj) and for the bieulerian-bimahonian distributions (des, ides, maj, imaj) and (des * , ides * , maj, imaj) on colored permutations. Generating functions for the four-variate distribution (des, ides, maj, imaj) on colored permutations have been proved by Biagioli and Zeng [16, Theorem 7.1] , where the authors use the length order and by Reiner [47, Corollary 7.3] , where he considers i ∈ [n] to be a descent of w ∈ S n,r , if ℓ(ws −1 i ) = ℓ(w)−1, where s 1 , s 2 , . . . , s n−1 and s n := s 0 , as defined in Section 2.1. For r = 2, Equation (4.50) coincides with Biagioli and Zeng's formula. .
(4.51)
Proof. Combine Corollary 3.2 for C = S n,r and Lemma 4.12 and the proof follows.
The following corollary computes the generating functions for the bimahonian distribution (fmaj, ifmaj) and bieulerian-bimahonian distributions (des, ides, fmaj, ifmaj) and (des * , ides * , fmaj, ifmaj) on r-colored permutations. Generating functions for the bimahonian distribution (fmaj, ifmaj) have been proved by Foata and Han [28, Equation (4. 3)] for r = 2, where the authors use the color order, by Biagioli and Zeng [16, Proposition 8.5] , where the authors use the length order and by Biagioli and Caselli [14, Equation (21) for p = s = 1], where the authors use the color order. The latter also proved [14, Proposition 6.2 for a 1 = a 2 = 1] a generating function for the four-variate distribution (des, ides, fmaj, ifmaj) on r-colored permutations. For r = 2 Equation (4.52) coincides with Foata-Han, Biagioli-Zeng and Biagioli-Caselli's formulas and for the case r ≥ 3, Equations (4.52) and (4.53) are slightly different than Biagioli and Caselli's formulas [14, Equation (21) and Proposition 6.2], respectively. .
(4.54)
Proof. Combine Corollary 3.4 for C = S n,r and Lemma 4.12 and the proof follows.
The following corollary computes a generating function for the bieulerian-bimahonian distribution (fdes, ifdes, fmaj, ifmaj) on r-colored permutations, which reduces to Foata and Han's formula [28, Theorem 1.1], for r = 2, where the authors use the color order. Proof. Combine Theorem 3.5 for C = S n,r and Lemma 4.12 and the proof follows.
We close this section by providing generating functions for the bimahonian statistic (fmaj k,ℓ , ifmaj k ′ ,ℓ ′ ) and for the bieulerian-bimahonian statistic (des, ides, fmaj k,ℓ , ifmaj k ′ ,ℓ ′ ) n≥0 w∈Bn q fmaj k,ℓ (w) p ifmaj k ′ ,ℓ ′ (w) (q k ) n (p k ′ ) n z n = 1 (z; q k , p k ′ ) ∞,∞ (zq ℓ p ℓ ′ ; q k , p k ′ ) ∞,∞ (4.56) and n≥0 w∈Bn x des(w) y ides(w) q fmaj k,ℓ (w) p ifmaj k ′ ,ℓ ′ (w) (x; q k ) n+1 (y; p k ′ ) n+1 z n = m 1 ,m 2 ≥0
x m 1 y m 2 (z; q k , p k ′ ) m 1 +1,m 2 +1 (zq ℓ p ℓ ′ ; q k , p k ′ ) m 1 ,m 2 , (4.57)
for some positive (resp. nonnegative) integers k, k ′ and ℓ, ℓ ′ , which reduce to Equations (4.49), (4.52) and (4.50), (4.53) for r = 2 and (k, ℓ) = (k ′ , ℓ ′ ) = (1, 0), (k, ℓ) = (k ′ , ℓ ′ ) =
